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ABSTRACT. The 6c/37-system W of rank 3 has an action of the affine vertex algebra VbCsfe), 
and the commutant vertex algebra C = Com(Vo(s[ 2 ), W) contains copies of ^-3/2(512) an d 
Odake's algebra O. Odake's algebra is an extension of the N = 2 superconformal algebra 
with c = 9, and is generated by eight fields which close nonlinearly under operator product 
expansions. Our main result is that ^3/2(512) and O form a Howe pair (i.e., a pair of 
O-f mutual commutants) inside C. More generally, any finite-dimensional representation of a 

Lie algebra g gives rise to a similar Howe pair, and this example corresponds to the adjoint 
representation of SI2. 
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<C 1. INTRODUCTION 

Of; 

J3 1 Let V be a vertex algebra, and let A be a subalgebra of V. The commutant of A in 

V, denoted by Com(^l, V), is the subalgebra consisting of all elements v G V such that 
[a(z),v(w)] = for all a G A. This construction was introduced by Frenkel-Zhu in [FZJ, 
generalizing earlier constructions in representation theory |KP] and physics [GKOJ, and 



is important in the construction of coset conformal field theories. Many interesting ver- 
tex algebras have commutant realizations. For example, the Zamolodchikov WValgebra 
^ \ with central charge c = — 2 can be realized as the commutant of the Heisenberg algebra 
inside the /37-system llWal . The Feigin-Semikhatov algebra at critical level can be 
realized as the commutant of Vo(ps[(n|n)) inside the fec/97-system of rank n 2 for n < 4, and 



, • V \ T ' \' " I ' "/ / /~ I ~ J " " " " ~ ' 

conjecturally for all n IICGL1 . The orbifold vertex algebra M(l) + can be realized as the 
commutant of the affine vertex algebra L cW (— A ) inside the tensor product of two copies 

of L c {i){— |Aq) |AP| . Here M(l) + denotes the Z/2Z-invariant subalgebra of the rank I 



Heisenberg algebra, which is an important building block of the orbifold vertex algebra 
V£ for any lattice L of rank /. In general, commutants are difficult to study and there 
are very few examples where an exhaustive description can be given in terms of genera- 
tors, operator product expansions, and normally ordered polynomial relations among the 
generators. It is also natural to study the double commutant Com(Com(^l, V), V), which 
always contains A. If A = Com(Com(^l, V), V), we say that A and Com( v 4, V) form a 
Howe pair inside V. 

We begin with a simple, finite-dimensional Lie algebra q and a finite-dimensional linear 
representation V of g, via p : Q — > End(V). Associated to p is the bilinear form B(£, 77) = 
fry(p(£)p(7?)) on g. There is a natural action of the affine vertex algebra Vi(g, B) on the 6c- 
system S = S(V) associated to V, and an analogous action of V-\(g, B) on the /37-system 
S = S(V). These combine to give an action of the level zero affine vertex algebra Vo(g) on 
the 6c/37-system W = £ <8> S. Let &£, 65, and 6w denote the images of Vi(g, B), Vli(g, B), 
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and Vo(g) inside £, S, and W, respectively. The commutants Com(0£,£), Com(0 l5 , ( S) / 
and Com(©wi, W), coincide with the invariant spaces 

gB[t] / s*W, and W d[t] , respectively. 

Since S 9 ^ c W ^, we may define 

(1.1) C(fl, V) = Com(S s[t] , W 3[t] ). 

Clearly £ 9 ^ c C(g, V), but in general C(g, V) is larger than £ 9 ^ and contains fields that 
depend on the generators ^ x of 5. We establish some basic properties of C(g, V), and 
in particular we show that S 9 ^ and C(g, V) always form a Howe pair inside W 9 ^. 

In the case where g = sl 2 and V is the adjoint module C 3 , S Bl2 ^ and £ B[2 M are isomorphic 
to 1^-3/2 (sk) and a rank-one lattice vertex algebra, respectively. Our main result is that 
C(st 2 , C 3 ) is isomorphic to Odake's algebra O. This algebra appeared first in the context 
of superstring theory. The target space of a ten-dimensional superstring is IR 4 x X, where 
X is a three dimensional Calabi-Yau manifold. The sigma model of such a Calabi-Yau 
manifold has N = (2, 2) superconformal symmetry, and due to Ricci-flatness an addi- 
tional symmetry associated to the holomorphic (3, 0) and anti-holomorphic (0, 3) forms. 
The main result of [OIJ is that the underlying conformal field theory is two copies of O. 
The algebra O is an extension of the N = 2 superconformal algebra with central charge 
c = 9, and is strongly generated by a U(l) current F, a Virasoro element L, four primary 
fields G, G, X, X of weight §, and two primary fields Y, Y of weight 2. 

It is interesting to study the vertex algebras S 9 ^, £ 9 ^\ W ^, and C(g, V) for any g and 
V, and it appears that they have nice structures in general. In the last section, we iden- 
tify these algebras in the case where g = sfa and V = C 2 . We will see that S sl2 ^, £ sl2 ^, 
and W sl2 ^ are isomorphic to the Heisenberg algebra, the irreducible affine vertex algebra 
L 1 (sl 2 ), and a homomorphic image of Vi(sl(2|l)), respectively. Finally, C(s[ 2 ,C 2 ) is iso- 
morphic to Li(sl 2 ) <8> W3-2, where W3-2 is the Zamolodchikov W 3 -algebra with c = —2. 



2. Vertex algebras 



In this section, we define vertex algebras, which have been discussed from various 
different points of view in the literature (see for example [B]IFLM][K]|FBZ]). We will 



follow the formalism developed in |LZ| and partly in ||LiI|l - Let V = Vo ® VJ. be a super 
vector space over C, and let z, w be formal variables. By QO(V), we mean the space of all 
linear maps 

V ->■ V((z)) := {^t»(n)^ n ->(n) G V, v{n) = f or n » 0}. 

Each element a e QO(V) can be uniquely represented as a power series 

a = a(z) := ^a(n)^ 1 G End(V)[[z, z' 1 }}. 

We refer to a(n) as the nth Fourier mode of a(z). Each a G QO(V) is assumed to be of the 
shape a = a + cli where : Vj — > V i+ j((z)) for i,j G Z/2Z, and we write \ai\ = i. 

On QO(V) there is a set of nonassociative bilinear operations o n/ indexed by n G Z, 
which we call the nth circle products. For homogeneous a,b E QO( V), they are defined 
by 

a(u;) o n b(w) = Res z a(z)b(w) t|*|>|„|(z - w) n - (-l) |cl||b| Res z b(w)a(z) l\ w \>\ z \(z - w) n . 
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Here L^^f^Zjw) G C[[z, z~ x , w, u> -1 ]] denotes the power series expansion of a rational 
function / in the region \z\ > \w\. We usually omit the symbol t\ z \>\w\ and just write 
(z — w)^ 1 to mean the expansion in the region \z\ > \w\, and write — (w — z)^ 1 to mean the 
expansion in \w\ > \z\. It is easy to check that a(w) o n b(w) above is a well-defined element 
ofQOOO. 

The nonnegative circle products are connected through the operator product expansion 
(OPE) formula. For a,b G QO( V), we have 

(2.1) a(z)b(w) = a ( w ) °n K w ) ( z ~ w)~ n ~ l + : a{z)b{w) :, 

n>0 

which is often written as a(z)b(w) ~ ^n>o a ( w ) °™ K w ) ( z ~ w)^^ 1 , where ~ means equal 
modulo the term 

: a{z)b{w) : = a(z)-b(w) + (-l) |a||fe| 6(w)a(z)+. 

Here a(z)_ = Ylm<Q a ( n ) z ~ n ~ l an< ^ a ( z )+ = J2 n >o a ( n ) z n l - Note that : a(w)b(w) : is a 
well-defined element of QO(V). It is called the ~Wick product of a and b, and it coincides 
with a o_! i. The other negative circle products are related to this by 

n\ a(z) b{z) = : (d n a(z))b(z) : , 

where d denotes the formal differentiation operator j-. For ai(z),..., <ik{z) e QO(V), the 
A;-fold iterated Wick product is defined to be 

: a 1 (z)a 2 (z) ■ ■ ■ a k (z) :=: a x {z)b{z) :, 

where b(z) =: a 2 (z) ■ ■ ■ a^{z) :. We often omit the formal variable z when no confusion can 
arise. 

The set QO(V) is a nonassociative algebra with the operations o n and a unit 1. We have 
1 o n a = 5 n _i<2 for all n, and a o n 1 = 5„_ia for n > — 1. A linear subspace A C QO(l/) 
containing 1 which is closed under the circle products will be called a quantum operator 
algebra (QOA). In particular A is closed under d since da = a o_ 2 1. Many formal algebraic 
notions are immediately clear: a homomorphism is just a linear map that sends 1 to 1 
and preserves all circle products; a module over A is a vector space M equipped with a 
homomorphism A — > QO(M), etc. A subset S = {a,i\ i G /} of A is said to generate ^4 if 
any element a E A can be written as a linear combination of nonassociative words in the 
letters a ir o„, for z G / and n e Z. We say that S* strongly generates A if any a e i can be 
written as a linear combination of words in the letters a ir o n for n < 0. Equivalently, is 
spanned by the collection {: d kl a h (z) ■ ■ ■ d km a im (z) : | Hi ■ ■ ■ j im ^ 1 1 kit ■ ■ ■ i k m > 0}. 

We say that a, b G QO(V) quantum commute if — w) JV [a(z), b(w)} = for some iV > 0. 
Here [, ] denotes the super bracket. This condition implies that a o n b — for n > N, 
so (|2.1[) becomes a finite sum. A commutative quantum operator algebra (CQOA) is a QOA 
whose elements pairwise quantum commute. Finally, the notion of a CQOA is equivalent 
to the notion of a vertex algebra. Every CQOA A is itself a faithful ^4-module, called the 
left regular module. Define 

p:^^QO(^), a^a, a(C)b = J^(a o n b) C~ n_1 . 

Then p is an injective QOA homomorphism, and the quadruple of structures (^4, p,l,d) 
is a vertex algebra in the sense of [FLM]. Conversely, if (V, Y, 1, D) is a vertex algebra, the 
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collection Y(V) C QO(V) is a CQOA. We will refer to a CQOA simply as a vertex algebra 
throughout the rest of this paper. 

Example 2.1 (Affine vertex algebras). Let g be a finite-dimensional, complex Lie (su- 
per)algebra, equipped with a symmetric, invariant bilinear form B. The loop algebra 
g[t, t^ 1 ] = g eg) C[t,t _1 ] has a one-dimensional central extension g = © Ck deter- 

mined by B, with bracket 

[& n ,rft m ] = [tv}t n+m + nB(^ V )S n+mfi ^ 

and Z-gradation deg(£t n ) = n, deg(«) = 0. Let g> = n>o g n where g n denotes the sub- 
space of degree n, and let C be the one-dimensional 0> o -module on which £t n acts trivially 
for n > 0, and k acts by k times the identity Define V = U(g) ®u($ >0 ) C, and let X^(n) e 
End(V) be the linear operator representing £i™ on V. Define X^(z) = Ylnez^( n ) z ~ n ~ 1 ' 
which is easily seen to lie in QO(V) and satisfy the OPE relation 

X^{z)X\w) ~ kB(£,Tj)(z- w)- 2 + X [ ^\w)(z-w)- 1 . 

The vertex algebra V k (g, B) generated by {X^ \ £ e g} is known as the universal affine vertex 
algebra associated to g and B at level fc. If g is a simple, finite-dimensional Lie algebra, we 
will always take B to be the normalized Killing form (, )k, and we use the notation 

v k {g). 

We recall the Sugawara construction for affine vertex superalgebras following [KRWJ. 
Suppose that g is simple and that the bilinear form B is nondegenerate. Let {£ } and {£'} 
be dual bases of g, i.e., B(£', rj) = 5^ tV . Then the Casimir operator is C 2 = ^ The dual 
Coxeter number /i v with respect to the bilinear form B is one half the eigenvalue of C 2 in 
the adjoint representation of g. If k + h v ^ then there is a Virasoro field 

(") £ *- = 5(irb) £ = = 

of central charge c = fc fc s ^™ 9 , which is known as the Sugawara conformal vector. 

Example 2.2 (/?7 and be systems). Let V be a finite-dimensional complex vector space. The 
/?7 system or algebra of chiral differential operators S = S(V) was introduced in |FMS| . It 
is the unique vertex algebra with even generators (3 X , 7 X ' for x e V , x' £ V* , which satisfy 

rW'H ~ (x',x)(z- w)-\ 7 x '(z)f3*(w) ~ 

/3 x (z)/3 y (w) ~ 0, 7 x '(z) 7 ,y H ~ 0. 

Here (, ) denotes the natural pairing between V"* and V. We give 5 the conformal structure 

n 

(2.4) L s = ■ P**/* : > 

i=l 

of central charge c = 2n, under which /3 Xi , 7^ are primary of weights 1, 0, respectively. 
Here {x 1: . . . , x„} is a basis for V and . . . , x' n } is the dual basis for V*. 

Similarly, the be system S = S(V), which was also introduced in [FMSJ, is the unique 
vertex superalgebra with odd generators b x , c x for x G V, x' £ V* , which satisfy 

b x (z)c x '(w) ~ (x',x)(z - w) -1 , c x '(z)b x (w) ~ (x' , x) (z - w)' 1 , 

(2 ' 5) b x (z)b y (w) ~ 0, ^'(s^H ~ 0. 



4 



We give £ the conformal structure 



(2.6) L E = -^:b Xi dc< 



of central charge c = —In, under which b Xi , cf* are primary of conformal weights 1 and 0, 
respectively. 

Let W = £ <2) S, equipped with the combined Virasoro element 
(2.7) L w = L £ + L s 

of central charge c = 0. 

Example 2.3 (Odake's algebra). The Odake algebra O is a vertex superalgebra which is 
generated by eight fields F, L, G, G, X, X, Y, Y, where L is a Virasoro element of central 
charge 9, F is primary of weight one, G, G, X, X are primary of weight |, and Y, Y are pri- 



mary of weight 2 HOI1 . The fields F, G, G, L generate a copy of the N = 2 superconformal 



algebra with central charge c = 9: 

F(z)F(w) ~3(z-w)-\ G(z)G{w)~0, G(z)G{w) ~ 0, 
(2 8) WH-GH^-w)- 1 , F(2)G(w)~-G(to)(z-w)- 1 , 

G(z)G(w) ~ 3(^ - u>)~ 3 + - w)~ 2 + (L(w) + ^H)(z - w)- 1 . 

The fields F, X, X generate a rank one lattice vertex algebra 

F(z)X{w) ~ 3lW(z - u>)~\ F(z)I(w) ~ -3X(w)(z - w)~\ 
( Z9 ) , x ~, x , s , x 2 1/ i 



X(«)X(tw) (* - - F(tu)(z - - - ( : F(ffi)F(iu) : +<9F(w) ) (s - w) 



The additional OPE relations of F, G, G with X,X,Y,Y are 



F(z)Y(iu) ~ 2Y(io)(z - w)-\ F(z)Y(w) ~ -2Y(tw)(« - w)~\ 
G(z)X(w) ~ 0, G(z)I(«j) ~ 2Y(w)(z - 
G(z)X(tt>) ~ 0, G(«)X(tw) ~ 2Y(w)(z - m)" 1 , 

G(z)Y(tu) ~ ^X(w)(z - wY 2 + ^<9X(w)(^ - w)-\ G{z)Y{w) ~ 0, 
G(z)Y(w) ~ -X(w)(z - w)" 2 + -dX(w)(z - w)-\ G{z)Y(w) ~ 0. 



(2.10) 



The remaining OPE relations of X, X, Y, Y are 

Y(z)Y(w) ~ ~(z - w)- A - ^F(w)(z - w)- 3 - 

J (l(w) + dF(w) + ^ : F(w)F(to) : J (2 - w)~ 2 + 



(2.11) 



J f : G(w)G(w) : - : L(w)F(w) : - : F(w)F(w) : )j (* - w)-\ 

X(z)Y{w) ~ ~G(w)(z - w)- 2 - V : G?(«;)F(tw) : +dG(w)J (2 - w)' 1 , 
X(z)Y(w) ~ -^GH(2 - w)- 2 - ~ f- : G(w)F(uO : +d<5(w)^ (z - w)~\ 

i(z)yW~o, x(z)?h~o. 

Finally, the following normally ordered polynomial relations hold in O: 
(2.12) <9X = : FX :, <9X = — : FX :, : YY : = 0, : YY : = 



and all normally ordered relations are generated from these. Odake proved in [Oil] that 
O is a simple vertex algebra; equivalently, the vacuum 0-module Vq is irreducible. He 
decomposes V$ into irreducible modules of the N = 2 superconformal algebra with c = 9, 
and then it becomes obvious that the modes of Y, Y, X, X map these modules into each 
other. He also computed the character of the vacuum module: 

ch[O]{z ]q )=ir V0 {q m z F ^) 



(2.13) ™ {l + zq n -^{l + z^q 



l„n-i 



n {±^-zq *J±L-t-Z q *) \^ y 2m „m 2 +m+i JZrn+1 



q , 

n=l v ^ ' m£Z 



In |OI[, Odake gave a free field realization of O inside a rank 6 Heisenberg vertex algebra 
with generators otf , i = 1,2,3 and non-regular operator products 

af(z)(Xi(w) ~ {z- w)~ 2 , 

tensored with a rank three 6c-system with generators bi,C{, i = 1,2,3 and non-regular 
operator products 

bi(z)ci(w) ~ (z - w)' 1 . 
The generating fields G, G, X, X of O take the following simple form: 

3 3 
(2.14) G = 2J : haj ■, G = 2J : Qa~ :, X =: bib 2 b 3 X =: CiC 2 c 3 : . 



i=l i=l 



The commutant construction. Let V be a vertex algebra and let A be a subalgebra of V. 
The commutant of A in V, denoted by Com(^4, V), is the subalgebra of vertex operators 
v e V such that [a(z), u(iu)] = for all oei. Equivalently, a(z)o n ?;(£) = for alia £ A and 
n > 0. We regard Com(^4, V) as the algebra of invariants in V under the action of A. If A is 
a homomorphic image of an affine vertex algebra Vf.(Q, B), Com(„4, V) is just the invariant 
space V ^. It is also natural to study the double commutant Com(Com(^4., V), V), which 
always contains A. If A = Com(Com(^l, V), V), we say that A and Com( v 4, V) form a 
Howe pair inside V. Since 

Com(Com(Com(A V), V), V) = Com(.A, V), 
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a subalgebra B is a member of a Howe pair if and only if B = Com(^4., V) for some A. 

Let g be a simple, finite-dimensional complex Lie algebra and V be an n-dimensional 
linear representation of g via p : g — > End(V). Associated to pis the bilinear form B (£,rj) = 
try (p(£)p(rj)). There is a vertex algebra homomorphism 

n 

(2.15) T £ : V^g, B) 5, r £ (X*) = e| = ^ = &" (0(Xi) c< : . 

i=l 

There is a similar homomorphim 

n 

(2.16) r 5 : V^(g, B) 5, r 5 (X«) = ©| = - £ : V : . 

i=l 

There is the combined action 

(2.17) r w : V (fl) ->• W = 5 ® 5, r w (X c ) = ©^ = 6| + 0$. 

Let 0£, ©5, and 0yv denote the subalgebras of S, S, and W generated by {©f }, {©$}/ 
and {©^y}, respectively for £ E g. We are interested in the commutants Com(@£,£), 
Com(e s ,S), and Com(0 w ,}V), which coincide with and W bM , respectively. 

Since <S 0[ ' ] c W s[t] , we may define 

(2.18) C(g, V) = Com(S s[t] ,W s[t] ). 

We will study C(g, V) in the special cases where g = si 2 and V is the standard representa- 
tion C 2 and adjoint representation C 3 . 

3. Some general features of S s[t \ S s[t] , W s[t] , and C(g, V) 
First, £ M possesses a Virasoro element 

L £B [t] — Li£ — T £ (L Su g), 

where L Sug is the Sugawara conformal vector in Vi(g, B). There is also a [/(l)-current 

n 

F = - ^ : ^c x * : . 

i=\ 

Similarly S 8 ^ possesses a Virasoro element 

L S g[t] = L s — T S (L Sug ) 

where L Sug is the Sugawara vector in V_i(g, -B), which exists unless —5 is the critical level 
bilinear form. There is also a U{\) current 

n 

1=1 

If V possesses a g-invariant, symmetric bilinear form, we may choose a corresponding 
orthonormal basis xi, . . . , x n for V and dual basis x[,...,x' n for V*. Then /J is part of an 
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action of V- n / 2 (5h) on the <S M, given by 

n n 

(3-1) 1=1 n 1=1 

X y ^ v y = P Xi P Xi '■ ■ 

i=i 

The generators X x , X y , X h for V„ n / 2 (sl 2 ) are in the usual root basis x, y, h with commuta- 
tion relations 

[x,y] = h, [h,x] = 2x, [h,y] = -2y. 

Finally, yV 9 ^ has a Virasoro element 

Lyyglt] = L w — T W (L Sug ). 

If V possesses a symmetric invariant form as above, the VL n / 2 (5 1 2 ) -structure on <S M ex- 
tends to an action of the affine vertex super algebra V n (osp(2\2)) on W ^. The Lie super al- 
gebra 05p(2|2) is generated by four even elements X, Y, H, E and four odd elements F € ' e ', 
where e,e' G {±}, and nonzero relations 

[X,Y] = H [H,X] = 2X , [H,Y] = -2Y , [E,F et '] = e'F ee ' , 
(3.2) [H,F ee '} = eF ee ' , [Y, F +e ] = -F' e , [X,F' £ ] = -F +e , [F + -,F~ + ] = H + E, 
[F + -,F ++ ] = 2X , [F",F ++ ] = H-E , [F , F~ + ] = -2Y . 

A nondegenerate consistent graded-symmetric invariant bilinear form is given by 

(33) B(H,H) = -1 , B(X,Y) = - l - , B(E, E) = 1, 

B(F + -,F~ + ) = -1 , B(F—,F ++ ) = 1. 

The Lie superalgebra osp(2|2) is simple and the bilinear form B is unique up to a scalar 
multiple. Define vertex operators 



n 



i=i i=i i=i i=i 

which are easily seen to lie in W 9 ^. Then the l / _ n / 2 (sl 2 ) structure on extends to an 
action of the affine vertex superalgebra V n (osp(2\2)) on W 9 ^, where the generators are the 
quadratics v x , v y , v h , F, Q^ b , Q^ c , Q^ b , Q^ c . 

There are also a few properties of C(g, V) which are worth pointing out. First, £ fl M is 
always a subalgebra of C(g, V). In general, C(g, V) is bigger than £ fl M and contains fields 
that depend on /3 X , ^ x ' . There is a Virasoro element in C(g, V) given by 

L = L W g[t] — L S g[t]. 

Theorem 3.1. Com(C(g, V), W s[t] ) = S B ®, so S s[t] and C(g, V) form a Howe pair inside W B[t] . 

Proof. Clearly S s[t] c Com(C(g,V),W d[t] ). Since L wg [t] and L are conformal structures on 
W s[t] and C(g, V), respectively, 

Lyym — L — L S g[t] 



is a conformal structure on Com(C($j, V), W 9 ^). Therefore any field in Com(C(g, V), W 9 ^) 
cannot depend on the generators b x ,c x of 8 and their derivarives. We conclude that 

Com(C( S , V), W s[t] ) C <S 9[t] . □ 

4. The case where g = sl 2 and V is the adjoint module 

In this section, we consider S s[t] , W s[t] , and C(g, V) in the case where g = si 2 and 
V is the adjoint representation C 3 . We work in the standard root basis x, y, h for sl 2 . The 
generators of <dw in this basis are 

0^ = 6£ + Q%, B x s = 2: /3 V : - : /3 V' 6| = -2 : b x c h ' : + :b h , c y ' :, 

9^ = 9| + 6|, e| = -2 : /?V' : + : /?V' 6| = 2 : 6^' : - : b h c x ' :, 

9^ = 0^ + e£, 6^ = -2 : (3 X ^ X ' ■ +2 : :, ® h £ = 2 : fe^' : -2 : fe y c y ' : . 

Theorem 4.1. «S st2 M is isomorphic to l / _ 3 / 2 (sl 2 ) and is generated by 

v h = . phys . + . ^yo' . + . :> 

(4.1) u = o I : T T • + ■ 7 7 • J, 

w y = --( : : +4 : /T/^ : ). 

This was proven in (L]|. In fact, <S S ' 2 M and 65 form a Howe pair inside S (see |LL|]). 
Theorem 4.2. £ S ' 2 M is a ranfc one lattice vertex algebra with generators 

F — — : b h c h ' : - : b x c x ' : - : b v c y ' :, 

(4.2) C bbb =: b x b y b h :, 

^<ccc _. c x ' c v' c h ' ■ 

Proof. We use the isomorphism between the fee-system and a rank one lattice vertex al- 
gebra called the Friedan-Martinec-Shenker bosonization [FMSJ. Let a be a free boson, 
satisfying 

(4.3) a(z)a(w) ~ 111(2; — w) . 
Then the bosonization of the fee-system is given by 

(4.4) fe = e a : e a :, c = e a : e~ a :, : fee := da . 

Here e a generates a rank one Clifford algebra. Its role is to ensure the correct parity. 
We use bosonization to express £ as a rank three lattice vertex algebra. Let X, Y, H be 
free bosons and e x , ey, e H generate a rank three Clifford algebra, both corresponding to 

b x ,c x \b y ,c y \b h ,c h '. Then 

01 = -2e x e ff : e x "" : +e H : e y e"- Y : , 

(4.5) B y = 2e Y e H : e Y - H : -e„e x : e"~ x : , 

6£ = 2dX - 2dY . 

We change orthogonal bases as follows 

(4.6) a = X + Y + H, fe = X + Y -2H, c = X -Y . 
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Now, we see that the rank one lattice vertex algebra generated by a is in £ 0l2 M, since 

Q x £ =:e c l\-2e x e H e b ' 2 + e H e Y e- b ' 2 ):, 
(4-7) 6| = : e- c / 2 (2e Y e H e b / 2 - e H e x e- b / 2 ) : , 

Q h £ = 29c. 

Further any field depending on c does not commute with O^. It remains to show that any 
field that depends on b does not lie in £ sl2 ^. We compute the normal ordered product 

(4.8) ~(: 6*6| : ~dQ h £ - 1 : G h e Q h £ :) = i : dbdb :=T b . 

T b is a Virasoro field of central charge one and any field in £ st2 M has to commute with this 
field. In particular, the conformal dimension needs to be zero. This is only true for fields 
not depending on b. □ 

Unfortunately, we cannot describe W 5 ' 2 ^ using any of our methods. In addition to the 
elements v x , v y , v h , F, C bbb and C ccc given above, the elements 

Qjb = . ^h'frh . + . lX ' h x . + . ^y'^ g(5b = . ph b h . +2 . px b y . +2 . ^yyc . ? 

(4.9) 1 1 

QIC = . lh ' c h' . + _ . 7 x' c y' . + _ . lV ' c x> g^c = . ^ . + . ^ . + . J 

are part of the V 3 (osp(2|2))-structure. There are six additional elements of W sl2 ^ that we 
can write down using using Weyl's first fundamental theorem of invariant theory for SO3. 

G =: /3V'c y ' : - : h ^ y ' c x ' : +2 : x ^ h 'c x ' : -2 : (3 x ^ x 'c h ' : -2 : (3 y ^ h 'c y ' : + 
2 : (3 y -f y 'c h ' : - : feVc 5 '' : +2 : fe^'c' 1 ' : -2 : frV'c' 1 ' :, 

G = -(- : (3 h Y'b x : + : (3 h ^ y 'b y : -2 : x ^ h 'b y : + : ^^'b 11 : +2 : /^V'^ : ) + 

-(- : y j y 'b h : + : b x b h c x ' : -2 : Wc*' : - : b y b h c y ' : ), 

(4.10) 2 K ' ^ h 

C ibb = _ . yi'jxjy . + _ . . __ . ^y/jft :> 

C /3bb = . ph b x b y . + . ^a^h . _ . py b x b h . ? 

C^ cc = - : <y h ' c x 'c y ' : - : -f x 'c y 'c h ' : + : -f y 'c x 'c h ' :, 
=: ^W' : -2 : /Tcf'c' 1 ' : +2 : /W'c' 1 ' : . 



Remark 4.3. W coincides with the semi-infinite Weil complex o/sl 2 (see [FF]), and f/ze zero mode 
G(0) is the semi-infinite differential. 

Recall that <S sl2 M has a Virasoro element L ss i 2 [t\ = L s — T S (L Sug ) of central charge zero, 
which is given by 

(4.11) L s , hlt] = ]-(A : v x v y : + : v h v h : -dv h ) 
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of central charge zero. Note that L S M 2 [t] is not the usual Sugawara vector for l / _ 3 / 2 (sl 2 ); we 
have 

L ssl2lt] (z)v h (w) ~ 3(z - w)- 3 + v h (w)(z - w)- 2 + dv h (w)(z - w)' 1 , 

(4.12) L ssl2lt] (z)v y (w) ~ 2v y (w)(z - w)~ 2 + dv y (w)(z - w)' 1 , 
L set2[t] {z)v x (w) ~ dv x (w)(z - w)' 1 , 

which shows that v x and v y are primary of weights zero and two, and v h is quasi-primary 
of weight one. With this Virasoro element, S sl ' 2 W ^ W is a conformal embedding. 

Let ^4 denote the subalgebra of W sl2 '^ generated by the above vertex operators. We 
conjecture that A is all of W 5 ' 2 '^, but we are unable to prove this at present. However, we 
will write down all nontrivial OPEs among the generators of A, and we will see that A 
is strongly generated by the above collection. We start with the operator products of the 

v x ,v y ,v h ,F,Q^,Q^ b ,Q^,Q^ c . 

v x (z)v y (w) ~--( z - w)- 2 + v h {w){z - w)-\ v h (z)v h (w) ~ -3(z - w)- 2 , 

v h (z)v x (w) ~ 2v x (w)(z - w)-\ v h (z)v y (w) ~ -2v y (w)(z - w)~\ 
F(z)F(w) ~ 3(z- w)' 2 , 
F(z)Q^(w) ~ Q 7C (w)(^ - w)" 1 , F(z)g 7& H ~ -g 7b M(z - w)' 1 , 

f{z)qp c { w ) ~ g^Xz - w)-\ f{z)q p \w) ~ -Qf*\w)(z - w)-\ 

Q^ b {z)Q^ c {w) ~ -3(^ - u>)~ 2 + (u h + F)(* - lu)" 1 , 
<^\z)Cf c {w) ~ 3(^ - w)- 2 + ( V A - F)(z - w)- 1 , 

g 76 (2)Q 7c (w) ~ 2u*(z - ™)-\ g^(z)g^ c (w) ~ -2u w (z - w)-\ 
v h {z)Q^ b {w) ~ g 7 V)(^ - w )-\ v y {z)Q^ b {w) ~ -g^H(2 - w y\ 
v h (z)Q^ b (w) ~ -g^H(2 - ™)-\ u x (^)q^h ~ -g 7 'H(2 - ™)-\ 

^(z)g 7C (w) ~ g 7C (w)(^ - w)-\ v y {z)Q^ c {w) ~ -Q" c (iu)(2 - w)-\ 
v h {z)Q^ c {w) ~ -g /3c (w)(z - u;)" 1 , u x (z)Q^ c (iu) ~ -g 7C H(z - it;)" 1 . 

These fields obey the operator product relations of the affine vertex superalgebra V 3 (o5p(2|2)). 
Next, the fields C^ bb , C^ bb , C bbb , G transform under V 3 (osp(2\2)) as follows: 

v h (z)C' fbb (w) ~ C bb (w)(z - w)-\ v y (z)C^ bb (w) ~ C fjbb (w)(z - w)~\ 
v h (z)C? bb (w) ~ -C m (w)(z - w)-\ v x (z)C m (w) ~ C bb (w)(z - w)' 1 , 
F(z)C lb \w) ~ -2C 7f *(uO(<2 - w)~\ F(z)C pb \w) ~ -2C" M (u;)(z - u;)" 1 , 

(4.13) F(z)C 666 H ~ -3C 666 (w)(z - F(z)G(ii)) ~ -G(w)(z - w)' 1 , 
Q^ b {z)C pbb {w) ~ -3C 6f *H(^ - w)" 1 , Q^C^H ~ -3C fcW, H^ - w)- 1 , 
g^ c (z)C n,66 («;) ~ G(w)(z - w)-\ Q lc {z)C pbb {w) ~ G(w)(z - w)~\ 

G(z)QP b (w) ~ C" M (ii;)(z - it;)" 1 , G(^)g 76 H ~ -C 766 (w)(z - u;)" 1 . 
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The transformations of the fields C 7CC , C^ cc , C ccc , G under V^(o5p(2|2)) are given by 



v h (z)C^ cc (w 
v h (z)C^ cc (w 
F(z)C^ cc {w 
(4.14) F{z)C ccc {w 
Q~< c (z)CP cc (w 
Q^ b {z)C^ cc {w 



C cc (w)(z - w)-\ v y (z)C^ cc (w) ~ C Pcc (w)(z - w)~\ 
-C^ cc (w)(z - w)-\ v x (z)C^ cc (w) ~ C cc (w)(z - w)-\ 
2C lcc {w){z - w)-\ F{z)C Pcc {w) ~ 2C l3cc (w)(z - w)~\ 
3C ccc {w){z - w)-\ F{z)G{w) ~ G(w)(z - w)~\ 
-3C ccc (w)(z - w)-\ Q Pc {z)C^ cc {w) ~ -3C ccc {w){z - w)~\ 
G{w){z - w)-\ QP\z)C^ cc (w) ~ G(w)(z - w)-\ 
C f3cc {w){z - w)-\ G(z)Q~< c {w) ~ -C 7CC H(2 - u;) -1 . 



Finally, the operator products of the fields C"< cc , C^ cc , C ccc , G with the C"< bb , C^ bb , C bbb , G 
can be expressed in terms of fields in the image of V 3 (osp(2\2)) as follows: 

(p tb ( z )Cr" x (w) ~ -2^(w)(z - w)- 2 + 

: Q 7 V)Q 7C M = +2 : : -2dv x (w)^j (z - w)' 1 , 

C^ bb {z)C^ cc {w) ~ 2v y {w){z - u?)~ 2 + 

: Q^ b (w)Q l3c (w) : -2 : v y (w)F(w) : +2dv y (w^j (z - w)~\ 

C lbb {z)C pcc {w) ~ -3{z - w)- 3 + (v h {w) + 2F(iu))(* - w)- 2 - 

^ : g /36 (w)g 7C (w) : + : u ft («;)F(iu) : + i : : -^dF(iu) - dv h (wfj (z - u;)" 1 , 

C^ cc {z)C (3bb {w) ~ -3(^ - w)~ 3 + (v h (w) - 2F(w))(z - w)- 2 - 

^ : Q pc (w)Q llb (w) : - : v h (w)F(w) : +^ : F(w)F(w) : +^F(w) - dv h (wfj (z - w)~\ 

c^ cc {z)c bbb {w) ~ g 7b H(z- ™)- 2 + ( : g 7b (w)F(w) : )(*- ™)-\ 

C^(^)C7 666 («;) ~ -Q pb (w)(z - w)- 2 - ( : Q pb (w)F(w) :){z - w)~\ 
C^\ z )C ccc (w) ~ Q~< c {w){z - w)- 2 - ( : Q~< c {w)F{w) : ){z-w)-\ 

C^\ z )C ccc (w) ~ -QP c (w)(z - wY 2 + ( : Q Pc (w)F(w) :)(z- w)' 1 , 

C ccc (z)C bbb (w) ~ - u>)~ 3 - F(w)(z - w)' 2 - ^ : F(w)F(w) : +dF(iu)^ (s - u;)" 1 , 

G^C* 66 ^) ~ - : g 76 (w)g /3fe (w) : (z - w)-\ 

G(z)C lbb (w) ~ Q^ b (w)(z - wY 2 + ( : v h Qt ib : -2 : v x Q fib : -fry 76 ) (2 - w)~\ 
G(z)CP bb (w) ~ -Q? b (w)(z-w)- 2 + (2:v y Q^ b : + :v h Q pb : +dQ? b ) (z - w)' 1 , 
G{z)C ccc {w) ~: Q Pc (w)Q' yc (w) : (* - tu)" 1 , 

G(^C 7CC (w) ~ g 7C (^ - w)~ 2 - (2 : v s (w)Q Pc (w) : -v h (w)Q~< c (w) : +dQ~< c (w)) (z - w)~\ 
G{z)C Pcc {w) ~ -Q Pc {z -w)- 2 +(2: v y {w)Q riC {w) : +v h (w)Q fSc (w) : +dQ^ c (w)) (z - w)~\ 
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G(z)G(w) ~ 3(z - w)- 3 + F(w){z - w)- 2 - 4 : v x {w)v y {w) : (z - w)'^ 
: wV^V) : +29u h («;)+ : CP b (w)Q Pc (w) : ) (z - 



(4.15) 

- : Q /36 (w)g 7C («;) : +- : : -~<9F(w) ) (z - to)" 1 . 

5. The osp(2|2) structure on .4 

Recall that the Vl 3 / 2 (s[ 2 ) structure on A extends to an affine Lie superalgebra structure 
V 3 (osp(2\2)), where the generators are the quadratics v x } v y ', v fc , F, Q p \ C/ c , Q lb } Q 1C . Next, 
we give an induced module construction of four dimensional representations of osp(2|2). 
There is a triangular decomposition osp(2|2) = g_ © g © q + , such that g is the even sub- 
algebra, while g± are generated by F e± . This decomposition reflects that as complex Lie 
superalgebras osp(2|2) is isomorphic to s[(2|l). Let M e be a one-dimensional representa- 
tion of the even subalgebra, such that the sl(2) acts trivially and the generator E acts by 
multiplication by the number e. Letting g + (respectively g_) act trivially, M e becomes a 
module of g © g±. We obtain a module of osp(2|2) if g_ (respectively g + ) acts freely We 
call this module Mf. In summary 

(5-1) Mt = md^M e . 

We recall the definition of a primary field of an affine vertex superalgebra. Let p : q — > 
End(V) be a representation of a finite-dimensional Lie superalgebra. Let leg and X(z) 
be the associated vertex operator of the affine vertex superalgebra and let v e V, then the 
associated primary field v(z) satisfies 

(5.2) X(z)v(w) ~ (p(X)v)(w)(z-w)- 1 . 

Theorem 5.1. The generators G, C ybb } C 366 , C bbb of A are primaries of the representation and 
G, C 7CC , C^ cc , C ccc are primaries of the representation Mf . These representations are conjugate to 
each other. 



Proof. This is immediate from the operators product expansions in (|4.13|) and (|4.14|) . □ 

6. The Odake algebra structure 

Recall that W 012 ^ has a conformal vector L vv «i 2 [«] = L^ — T W (L Sug ) of central charge zero, 
which is given by 

L ws(2[t] =: P h d 1 h ' : + : x dj x : + : P y d-f y ' : - : b h dc h ' : - : b x dc x : - : b y dc y ' : 

In fact, L W 6[ 2 [t] lies in A and hence can be realized as a normally ordered polynomial in 
the generators of A as follows: 

L W si 2 it] — G o G + ivjs^M, 
where G o G is given by (|4.15|) and is given by (|4.11|) . Define 



(6.1) L = G o G - \dF = LyyijM - I^w - ^<9F. 
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It is straightforward to check that L is a Virasoro element in C(sl%, C 3 ) with central charge 
9, G and G are both primary of conformal weight | with respect to L, and F is primary 
of weight 1. Moreover, (|2.8|) is satisfied, so G,G,F,L represent a copy of the N = 2 
superconformal vertex algebra inside C(sl 2 , C 3 ). Finally, we define elements 



Y = ~G(0)(X) = 1 : :, Y = ~G(0)(X) = -\ : Q~ <b Q ph : . 

It is straightforward to check that X, X, Y, Y lie in C(s[ 2 , C 3 ) and are primary of conformal 
weights |, |, 2, 2 with respect to L. 

Lemma 6.1. The fields F, L, G, G, X, X, Y, Y satisfy the OPE relations of Odake's algebra O, as 
well as the normally ordered polynomial relations (|2.12|) . 

Proof. This is a straightforward calculation. □ 
Lemma 6.2. We have an isomorphism of vertex algebras 

C(sl 2 ,C 3 ) = Com(V {sl 2 ),V^(sl 2 )®S). 

Proof. Recall that 65 and S sl2 W form a Howe pair inside 5, and that 65 is isomorphic to 
y_ 4 (5l 2 ). It follows that 

C(sl 2 ,C 3 ) = Com(y (sl 2 ) ®S 5h[t] , W) = Com(K,(sl 2 ),Com( l S st2M ,>V)) 

= Com(V (sl 2 ), O s ®£) = Com(V (s[ 2 ), F_ 4 (sl 2 ) <g> £). 

□ 

For the sake of illustration, we rewrite the generators L, G, G, Y, Y in terms of the gen- 
erators X x , X», X h of Vl 4 (sl 2 ). 



S ■ 



L = — - : X x X y : -- : X y X x : -- : X h X h : -- : X*0^ : -- : X y Q x F : -- : X h Q h ■ 
2 2 4 2 £ 2^4 

+ - : FF : +<9F - 2L £ , 
2 

G =: X 2 ef' : + : X^' : + : X h c h ' : +^(: 9^c x ' : + : Q y g c y ' : + : Q h £ c h ' :), 



G = -~(: X*^ : + : XV : + ~ : X^ :) - ^(: 0£6 y : + : Q y £ b x : +^ 
y = --(: X h c x 'c y ' : -2 : X x c x 'c h ' : +2 : XV'c 71 ' :)- 



— (: Q\c x 'c y ' : -2 : Q x c x 'c h ' : +2 : Q y c y 'c h ' :), 
y = X h b x b y : + : X x b y b h : - : XW ft :) + -(: Q h £ b x b y : + : Q x £ b y b h : - : e^b* :). 

For an arbitrary k 6 C, we may consider the commutant 

C fc = Com(y fc+4 (s[ 2 ), Vfc(sl 2 ) <g> £), 
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where the generators of Vfc(sl 2 ) and Vfc +4 (st 2 ) are X^ and + 0|, respectively, for £ = 
x, y, /i. Then C(s( 2 , C 3 ) = C_ 4 . This deformation of C(s[ 2 , C 3 ) is a special case of a construc- 
tion that is well known in the physics literature (see [BFHJ), and we have 

lim C k £ SL ' 2 . 

>oo 

Moreover, there is a linear map C k — > £ Sh2 defined as follows. Each element to G C k of 
weight d can be written uniquely in the form u = Y^t=o u r where oj t lies in the space 

(6.3) {V k {sh)®Sp 

spanned by terms of the form a ® v where a G Vfc(st 2 ) has weight r. Clearly u G £ SL2 so 
we have a well-defined linear map 

(6.4) <f) k : C k -> S SL \ u^u . 

Note that 4>k is not a vertex algebra homomorphism for any k. It was shown in HCL1 that 
4>k is a linear isomorphism whenever Vfc(s[ 2 ) is a simple vertex algebra. The values of k 



for which Vfc(s( 2 ) is simple were determined by Kac-Gorelik in [GKJ, and in particular 
V-a(s{2) is simple. We conclude that C(sl 2 , C 3 ) has the same graded character as £ SL2 . 

We are now in a position to prove our main result. 

Theorem 6.3. C(sl 2 , C 3 ) is strongly generated by the fields F, L, G, G, X, X, Y, Y, and is isomor- 
phic to Odake's algebra O. 

Proof. Since O is a simple vertex algebra and these fields satisfy the OPE relations of O, 
it suffices to show that the graded characters of £ SL2 and O coincide. First, note that £ is 
triply graded by conformal weight and the eigenvalues of F(0) and 0^(0), and 

ch[£]{z; w; q) = tr £ {q L ^ z F ^w e e^) 

oo 

= II^ 1 + Q n ~^w 2 )(l + 9 n ~^~V)(l + q n -hw- 2 ){l + q^h^w- 2 )^ + q n ~h){l + q^z' 1 ] 



n=l 

oo ,„ . „_l s ^ . _i n 



n=l 



n yl + zq n 2)(1 + ^ q r *j v - m +s 2(m-s) m 2 /2+*-?2 



For the last equality, we used Jacobi's triple product formula. Then ch[£ SL2 ](z; q) is ob- 
tained from ch[£](2; w; q) by taking the difference between the coefficients of w° and w 2 , 
namely 

ch[£ SL2 ](z; q) = f\ (l+fg!ZKl+£VZj y 9 ™V m _ g ^ +m+ ^ 2m+ i = ch[G](z . g) _ 
n=l (I"?") 2 t& 

□ 

Finally, combining Theorems I3.1U4.11 and !6.3l we see that VC 3 / 2 (sl 2 ) and (9 form a Howe 
pair inside W sh[t] . 
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7. The case where g = sl 2 and V is the standard module 

In this section, we consider S s[t] , W s[t] , and C(si 2 ,C 2 ) in the simplest case where 
q = sl 2 and V is the standard module C 2 . In this case, a description of S s ^, and W ^ 
appears in [LSSj. 

Theorem 7.1. Let V the standard s^-module C 2 . 

(1) S sl2 ^ = Com(Qs,S) is a rank one Heisenberg algebra with generator : /3 1 7 1 : + : /3 2 7 2 :. 

(2) £ sl2 M = Com(& £ , E) is isomorphic to the irreducible quotient Li(sl 2 ) of the affine vertex 
algebra Vl(s1 2 ), and has generators : 6 1 c 1 : + : b 2 c 2 :, : & x fo 2 :, and : c x c 2 :. 

(3) W sl2 M = Com(©w;, W) is a homomorphic image o/Vi(sl(2|l)) with generators 



(7.1) 



We now give an alternative realization of Vi(sl(2|l)). For this, denote by tf , ef for 
z = 1, 2 a basis for rank four Clifford algebra. Denote by Y$ a boson with operator product 

y^^H = ln(z - w) 

and by Xj another one with operator product 

Xi{z)Xi{w) = -\n(z-w). 

Further let xf be symplectic fermions with operator product 



F =: 




: + 


: /3V : 


■ 




H =: 


b l c l : 


+ : 


b 2 c 2 :, 


E + =: 


b x b 2 :, F~ =: cV 


Qi =■ 




+ 


/3V :, 


= 


: 6S 1 : + : /r~ 2 :, 


Qt =: 


b l (3 2 




W :, 


Q 2 = 


: 7 X c 2 : - : 7 V : . 



&' = ef:e*:, c* = ef : e"* :, : 6 iCi := ^ 
/f = ef : e*x+ f = ^ : e^x" = Mi ■= dX t . 



Then using bosonization [FMSJ, we get 

„ _ ( y . „Yi . ../ ,.v . .->. 

(7-2) 

Define F± = Yj. ± Y 2 , X± = X X ± X 2 

V2 X + = e*$eW : e^-^xt : + : e^-^xt : 
V^X- = : e^-+*-) X2 - : + : e^-*-^ : 

The operator product of x ± , Y+ and X + is 

(7.4) Y + (z)Y+H = 21n(z-u;), X + (z)X + (w) = -2ln(z-w), X + {z)x~W = (z-w) 
We have 

Lemma 7.2. The generators ofW sh ^ can be expressed in the form 



(7.5) 



Proof. Inserting ([772) and (Q into fl7J}. □ 
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F 


= dx + , 










# 


= dY + , 


hj - e x e 2 . 


e y+ :, 


F- = e\e\ : e" 


y+ . 




- e Y e x 

— t-L t x 






= efef : e^ Y + 




Qt 


— e 2 e l 


e i(y + +x+) x + 


: ; Q 2 


= efef : e*~ Y + 





Theorem 7.3. C(sl 2 , C 2 ) = L\ (sl 2 ) <8> W3-2, where W3-2 denotes the Zamolodchikov \V3-algebra 
with central charge c = —2. 

Proof. We denote the lattice vertex algebra whose generators are ef : e ± ^ x+ : by V x . Let 
Vy be the vertex algebra generated by ef : e ± 2 y+ : (for i = 1,2) and call Vsf the symplectic 
fermion vertex algebra generated by x ± - Introduce a Z-grading Vsf = @V n by saying that 
an element of the form : d ai x + • • • 9 Qr x + 9 /3l x~ • • • d@ 3 x~ has grade r — s. Clearly VV 5 ' 2 ^ is 
a subalgebra of V x ®Vy® Vsf, and Com(S sh[t] ,V x ®Vy ®V S v) = Vy ® V s ?. Hence 

Com(S sl2[t] ,W sl2[t] ) = W sh[t] n (Vy g> Vsf) = Li(s[ 2 ) <g (W sh[t] n Vsf). 

From the explicit form of the Q^, only elements in V are invariant under the Fourier mode 
F(0) of F, hence W sf2[ * ] n V SF C V . We will show that all fields of the form d a x + d^x' are 
in W sl2 W, which implies that 

(7.6) C(5l 2 ,C 2 ) = ^(3(2)®^. 

For this, we introduce an ordering as follows d a x + d l3 X~ > d a 'x + d^x~ if a + (3 > a' + f3' or 
if a + P — a' + P' and a > a'. We prove the claim by induction on this ordering. Certainly 
1 G V r\W sh[t] . Compute 

(7.7) : d^d^Qt : = - : : +V( X ± , F — H) 

where V(x ± , F — H) is a field expressed in terms of F — H and its derivatives as well as 
fields of lower degree in V , hence by the induction hypothesis V(x ± i F — H) in VV S ' 2 ^ and 
hence the same is true for all fields of the form d a x + d l3 x - Furthermore, every field of V 
can be written as a normally ordered polynomial in such fields. This completes the proof 
of (TO. 

Finally, note that V is generated as a vertex algebra by the fields 

L =: X + X~ W = -j= : {dx + )x~ ■ —j= ■ X + dx~ ■ 

of weights 2 and 3. It is not difficult to check that W is primary of weight 3 with respect 
to L, and satisfies the OPE 

W{z)W{w) ~ — - wY 6 + 2L(tw)(« - w)~ 4 + dL{w)(z - w)- 3 
3 

+ {^:L{w)L{w):- l -d 2 L{w)){z-wr 2 

+ {\d{: L(w)L(w) :) - \d z L{w)){z - w)' 1 . 

This shows that V coincides with the Zamolodchikov W3-algebra with c = — 2 llZal . □ 

Remark 7.4. A family of quasi-rational vertex algebras are the W(p, q) triplet theories for positive 
co-prime integers p < q flKaul - These have central charge c = 1 — Q(p — q) 2 / (pq), and the algebra 
is strongly generated by the Virasoro field and three fields of conformal dimension (2p — 1) (2q — 1). 
The algebra contains a singlet subalgebra with only one generator in addition to the Virasoro field. 
The simplest case is W(l, 2), which is known to be a subalgebra of symplectic fermions |G Kau | ] . 
V also coincides with the singlet subalgebra of the W(l, 2) triplet vertex algebra. 
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Remark7.5. We have realized the singlet algebra at c = —2 as a commutant involving Vi(sl(2|l)) 
and also V_i/ 2 (sl 2 ). There are related observations, namely there are constructions HE ICR! relat- 
ing the W(l, 2) singlet and triplet algebra to V(0[(1|1)) and V r _i/ 2 (st 2 )- Moreover Vi(s[(2|l)) is 
a simple current extension of V(g[(l|l)) HCR1 . 
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